Chapter 2

Integral Calculus
2.1 Differentiation Under Integration

2.1.1 Leibniz Integral Rule
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2.1.2 A Working Procedure

» Suppose g(z) = [~ f t)dt then to find g( ), we take [ f(t)dt = ¢(t) = &'(t) = f(t).
Now g(x )_a{: ) — d(x) = ¢'(z) = 22¢/(2*) — ¢/ (z) = 20 f(2?) - f(2).

[Do It Yourself] 2.1. If F(x) = f VA +t2dt, z € R. Then F'(1) equals
(A) —3V5. (B) —2v/5. (C) 2v/5. (D) 3V/5.
[Do It Yourself] 2.2. Let f : [0,1] — R be a function defined as f(t) =t [1 + %::os{lnf )],

forte (0,1]. Let F: [0,1] = R be defined as F(x / f(t)dt, © € R Then F"(0) equals
(A)0. (B)3/5. (C) —5/3. (D) 1/5.



Do It Yourself] 2.3. If [T f(t)dt = z®sinz + x3. Then find f(m/2).
Jo

[Do It Yourself] 2.4. Let f:[0,1] — R be defined by

L if 0 <t <1
f{tj_{eﬂ"z—e ift =10

Now, define F : [0,1] = R. by F(z) = [; f(t)dt. Then F"(0) equals to
(A) 0. (B) £ (C) 5. (D) L.

[Do It Yourself] 2.5. Let F(z) = [ €'(t* — 3t — 5)dt, = > 0. Then find the number of
roots of F(x) = 0 in the interval (0.4). (Ans : 0)

[ cos®(wt)dt

[Do It Yourself] 2.6. The value of the limit hm —= - is
1eT 21
T—3 g5 E(.I.' + 4)

(A) 0. (B) w/e. (C) w%/2. (D) —n>/2e.

2.2 Application of Integration

» We will study the computation of area, length of a curve, surface integral, volume
integral and surface of revolution.
» Tangent of the curve y = f(z) at (o, 3): |(y — 3) = %“ﬂ:m{z —a)l
» Asymptote: We will understand this concept using graphs. Sometimes asymptotes are

helpful to draw graphs e.g. y = 1/x, y = % + 1.

» The curve f(z,y) = 0 is known as implicit form. The curve y = f(z) or, z = gly) is
known as explicit form. The curve = = f|(t). ¥y = f2(t) 1s known as parametric form.

» Suppose we want to draw the curve f(x,y) = 0.
> : If 3? is present = curve is symmetric about x — axis.

» [Rule 2} Try to find its asymptotes.

> : If the curve is unchanged under z,y = curve is symmetric about the line

Y=

» [Rule 4} Try to find some point on = — azis, y — aris by putting y = 0, = = 0.
Also check the position of origin (0,0).

» [Rule 5} For explicit curve you can check about its monotonicity.



2.2.2 Curve Plotting

» A|Circle 22+ ¢y =a?, 22 +42 =22, (2 -2 +42 =32, (z—1)2 +(y—2)2 =32

» A |Parabolal 3? = +daz, 22 = +4.2.y, (y—1)? = +4.3.(z — 2).

» A[Ellipse| & +%& =1,

» A |Hyperbola}
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Figure 2.1: Identify The Curves: Circle, Parabola, Ellipse, Hyperbola.



» B : y = acosh(2). Parametric form: = = cIn(sect + tant), y = esect.

oli " Des ] 3 3 _ : . — _Bat _ 3at?
» B | Folium of Descartes | x° +y° = 3ary. Parametric form: r = 25, y = 5.

» B|Astroid | /3 4 y?/3 = /3. Parametric form: = = acos®t, y = asin®t.

seceid Ioar2 _ .3 : . o _at? _ _at?
» B|Cissoid| y*(a — z) = 2®. Parametric form: = = e V= e

» B |Strophoid| (22 + y?)z = a(z? — 4?), a > 0. Parametric form: = = %f—) v =
at(1—t2)

T+
» B |[Semi-cubical Parabola} ay? = =%, (a > 0). [From Catenary to Inverted Cycloid:
a=2]

» B | Witch of Agnesi |: ry’ = 4a%(2a — ).

» B |Cycloid || Parametric form: = = a(t —sint), y = a(l — cost).

» B |Inverted Cycloid | Parametric form: = = a(t +sint), y = a(l — cost).
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Figure 2.2: The Curves are: Catenary, Folium of Descartes, Astroid, Cissoid,

Strophoid, Semi-cubical Parabola, Witch of Agnesi, Cycloid, Inverted Cycloid. Also
see the asymptotes.



» C|A two parameter curve | ay® = z*(b+x), a =2, b=3.

» C | A one parameter curve ‘: w2y? = a®(y® — 2?%), a=2.

» Now we will study some polar curve. For each curve we assume a = 2.
» C|Cardiode} r = a(1 — cos#) [In figure], 7 = a(1 + cosf).
» C : r = 2asmf.

» C|Lemniscate of Bernoulli | r2 = a? cos 26.

» C : r=asmnf. It n = odd = No. of leaves = n and if n = even =

No. of leaves = 2n

» C : r=asm28, r =asindf, r = acos28, r = acos 6.

<
y | 1.0
f/
/ ] / \
/ s/ { /
[ o 1 1 ] /
4 | 2 o 2 4 ° = & l o ‘\\
\ \
\ \ /
=2 \
\
\ 0
=
- -
IR T 2 \ 2 i
\i\ < ¢
\ e ~ NN , f
£ \ ™ - -
-~ a LY s ) "y = ~ z
/ T o — » ” Y
\ ( B |
>t 5 Ris. ~
3 [ B > ’ 2 ~
- N
-a
T T T
2 2
(
\
j’ \ \
S W 5 e =
£ - ¥ i
1 2 y'f' 2 W A N 1 = 2 < - ]
\ ; 4
(1) ( {1/
> N a
= ) =2

1

Figure 2.3: The Curves are: Two parameter, One Parameter, Cardiode, Circle,
Lemniscate, Petals. In Image 6, the length of leaves within the st. line is a.



B Although petals are polar curves but here I will give an overview w.r.t. = and y — aris.
B Here r = asin 26 gets 4 leaves so each co-ordinate gets one leaves but not on axes. For
r = asin4f gets 8 leaves so each co-ordinate gets two leaves and so on.

B Here r = asin 36 gets 3 leaves with one leaves on negative y—axis and other 2 distributed
over whole region. For » = asin 58 gets 5 leaves with one leaves on positive y — axis and
other 4 distributed over whole region and so on.

B Here r = acos 28 gets 4 leaves so each co-ordinate gets one leaves and each on axes. For
r = asin4f gets 8 leaves so each 4 axes gets 4 leaves and rest 4 are distributed on gaps
and so on.

B Here r = acos 30 gets 3 leaves with one leaves on positive x —aris and other 2 distributed

over whole region. For r = asin 5 gets 5 leaves with one leaves on positive x — aris and
other 4 distributed over whole region and so on.



